We calculate the critical value of the hopping parameter, κ c , in Lattice QCD, up to two loops in perturbation theory. We employ the SheikholeslamiWohlert (clover) improved action for fermions and the Symanzik improved gluon action with 4-and 6-link loops.
I. INTRODUCTION
In the present work, we calculate the additive renormalization of the fermion mass in lattice QCD, using clover fermions and Symanzik improved gluons. The calculation is carried out up to two loops in perturbation theory and it is directly related to the determination of the critical value of the hopping parameter, κ c .
The clover fermion action [1] (SW) succesfully reduces lattice discretization effects and approaches the continuum limit faster. This justifies the extensive usage of this action in Monte Carlo simulations in recent years. The coefficient c SW appearing in this action is a free parameter for the current work and our results will be given as a polynomial in c SW .
Regarding gluon fields, we employ the Symanzik improved action [2] , which also aims at minimizing finite lattice spacing effects. For the coefficients parameterizing the Symanzik action, we consider several choices of values which are frequently used in the literature.
The lattice discretization of fermions introduces some well known difficulties; demanding strict locality and absence of doublers leads to breaking of chiral symmetry. In order to recover this symmetry in the continuum limit one must set the renormalized fermion mass (m R ) equal to zero. To achieve this, the mass parameter m • appearing in the Lagrangian must approach a critical value m c , which is nonzero due to additive renormalization.
The mass parameter m • is directly related to the hopping parameter κ used in simulations. Its critical value, κ c , corresponds to chiral symmetry restoration:
where a is the lattice spacing and r is the Wilson parameter. Using Eq.(1), the nonrenormalized fermion mass is given by:
Thus, in order to restore chiral symmetry one must consider the limit m o → m c . This fact points to the necessity of an evaluation of m c . The perturbative value of m c is also a necessary ingredient in higher-loop calculations of the multiplicative renormalization of operators (see, e.g., Ref. [3] ). In mass independent schemes, such renormalizations are typically defined and calculated at zero renormalized mass, and this entails setting the value of the Lagrangian mass equal to m c .
Previous studies of the hopping parameter and its critical value have appeared in the literature for Wilson fermions -Wilson gluons [4] and for clover fermions -Wilson gluons [5, 6] . The procedure and notation in our work is the same as in the above references.
Our results for κ c (and consequently for the critical fermion mass) depend on the number of colors (N) and on the number of fermion flavors (N f ). Besides that, there is an explicit dependence on the clover parameter c SW which, as mentioned at the beginning, is kept as a free parameter. On the other hand, the dependence of the results on the choice of Symanzik coefficients cannot be given in closed form; instead, we present it in a list of Tables and  Figures. The rest of the paper is organized as follows: In Sec. II we formulate the problem, define the discretized actions, and describe our calculation of the necessary Feynman diagrams.
Sec. III is a presentation of our results. Finally, in Sec. IV we apply to our one-and twoloop results an improvement method, proposed by us [7] [8] [9] . This method resums a certain infinite class of subdiagrams, to all orders in perturbation theory, leading to an improved perturbative expansion. We end this section with a comparison of perturbative and nonperturbative results. Our findings are summarized in Sec. V.
II. FORMULATION OF THE PROBLEM
We begin with the Wilson formulation of the QCD action on the lattice, with N f flavors of degenerate clover (SW) [1] fermions. In standard notation, it reads:
where :
and :
The clover coefficient c SW is treated here as a free parameter. Particular choices of values for c SW have been determined both perturbatively [1] and non-perturbatively [10] , so as to minimize O(a) effects. The Wilson parameter r is set to r = 1 henceforth; f is a flavor index; σ µν = (i/2)[γ µ , γ ν ]. Powers of the lattice spacing a have been omitted and may be directly reinserted by dimensional counting.
Regarding gluons, we use the Symanzik improved gauge field action, involving Wilson loops with 4 and 6 links 1 :
(g is the bare coupling constant). The lowest order expansion of this action, leading to the gluon propagator, is
where ξ is the gauge fixing parameter (see Eq. (10) ) and:
The coefficients C i are related to c i by
The Symanzik coefficients must satisfy: c 0 + 8c 1 + 16c 2 + 8c 3 = 1, in order to reach the correct classical continuum limit. Aside from this requirement, the values of c i can be chosen arbitrarily; they are normally tuned in a way as to ensure O(a) improvement.
As always in perturbation theory, we must introduce an appropriate gauge-fixing term to the action; in terms of the gauge field Q µ (x) [U x, x+µ = exp(i g Q µ (x))], it reads:
Having to compute a gauge invariant quantity, we can, for convenience, choose to work either in the Feynman gauge (ξ = 0) or in the Landau gauge (ξ = 1). Covariant gauge fixing produces the following action for the ghost fields ω and ω
Finally, the change of integration variables from links to vector fields yields a Jacobian that can be rewritten as the usual measure term S m in the action:
In S gh and S m we have written out only terms relevant to our computation. The full action is:
The bare fermion mass m B must be set to zero for chiral invariance in the classical continuum limit. Terms proportional to r in the action, as well as the clover terms, break chiral invariance. They vanish in the classical continuum limit; at the quantum level, they induce nonvanishing, flavor-independent fermion mass corrections. Numerical simulation algorithms usually employ the hopping parameter,
as an adjustable input. Its critical value, at which chiral symmetry is restored, is thus 1/8r classically, but gets shifted by quantum effects. The renormalized mass can be calculated in textbook fashion from the fermion selfenergy. Denoting by Σ L (p, m o , g) the truncated, one particle irreducible fermion two-point function, we have for the fermion propagator:
To restore the explicit breaking of chiral invariance, we require that the renormalized mass vanish:
The above is a recursive equation for m c , which can be solved order by order in perturbation theory.
We denote by dm the additive mass renormalization of m • : m B = m • − dm. In order to obtain a zero renormalized mass, we must require m B → 0, and thus m • → dm. Consequently,
At tree level, m c = 0. Two diagrams contribute to dm (1−loop) , shown in Fig. 1 . In these diagrams, the fermion mass must be set to its tree level value, m o → 0. The quantity dm (2−loop) receives contributions from a total of 26 diagrams, shown in Fig.  2 . Genuine two-loop diagrams must again be evaluated at m o → 0; in addition, one must include to this order the one-loop diagram containing an O(g 2 ) mass counterterm (diagram 23).
Certain sets of diagrams, corresponding to one-loop renormalization of propagators, must be evaluated together in order to obtain an infrared convergent result: These are diagrams 7+8+9+10+11, 12+13, 14+15+16+17+18, 19+20, 21+22+23. 
III. COMPUTATION AND RESULTS
Given that the dependence of m c on the Symanzik coefficients c i cannot be expressed in closed form, we chose certain sets of values for c i , presented in Table I , which are in common use [11] [12] [13] [14] [15] [16] : Plaquette, Symanzik (tree level improved), Tadpole Improved Lüscher-Weisz (TILW), Iwasaki and DBW2. Actually, since the gluon propagator contains only the combinations C 1 and C 2 (Eq. (9)), all results for m c can be recast in terms of C 1 , C 2 and one additional parameter, say, c 2 ; in this case the dependence on c 2 (at fixed C 1 , C 2 ) is polynomial of second degree.
The contribution dm l of the l th one-loop diagram to dm, can be expressed as:
where ε
l are numerical one-loop integrals whose values depend on C 1 , C 2 . The dependence on c SW is seen to be polynomial of degree 2 (i = 0, 1, 2).
The contribution to dm from two-loop diagrams that do not contain closed fermion loops, can be written in the form
where the index l runs over all contributing diagrams, j = 0, 2 and k = 0, 1, 2 (since up to two vertices from the gluon action may be present in a Feynman diagram). The dependence on c SW is now polynomial of degree 4 (i = 0, · · · , 4). The coefficients e
l of Eq.(19) below) are two-loop numerical integrals; once again, they depend on C 1 , C 2 . Finally, the contribution to dm from two-loop diagrams containing a closed fermion loop, can be expressed as
where the index l runs over diagrams [12] [13] [19] [20] . Summing up the contributions of all diagrams, dm assumes the form
In the above,
are the sums over all contributing diagrams of the quantities: ε
l , respectively (cf. Eqs. (17, 18, 19) ). The coefficients ε (i) lead to the total contribution of one-loop diagrams. Their values are listed in Table II , for the ten sets of c i values shown in Table I . Similarly, results for the coefficients e (i,j,k) andẽ (i) corresponding to the total contribution of two-loop diagrams, are presented in Tables III-VII. In order to enable cross-checks and comparisons, numerical per-diagram values of the constants ε
are presented in Tables VIII-XII, for the case of the Iwasaki action. For economy of space, several vanishing contributions to these constants have simply been omitted. A similar breakdown for other actions can be obtained from the authors upon request.
The total contribution of one-loop diagrams, for N = 3 can be written as a function of the clover parameter c SW . In the case of the Plaquette, Iwasaki, and DBW2 actions, we find, respectively:
A similar process can be followed for two-loop diagrams. In this case, we set N = 3, c 2 = 0 and we use three different values for the flavor number: N f = 0, 2, 3. Thus, for the Plaquette, Iwasaki and DBW2 actions, the total contribution is, respectively: (26) . In all cases, the dependence on c SW is rather mild. One observes that dm (2−loop) is significantly smaller for all improved actions, as compared to the plaquette action; in particular, in the case of DBW2, dm (2−loop) is closest to zero and it vanishes exactly around c SW = 1.
Another feature of these results is that they change only slightly with N f , especially in the range c SW < 1.5 . This is due to the small contributions of diagrams with closed fermion loops (diagrams 12, 13, 19, 20) . By the same token, in the case of nondegenerate flavors, dm (2−loop) is expected to depend only weakly on the mass of the virtual fermion. 
IV. IMPROVED PERTURBATION THEORY
We now apply our method of improving perturbation theory [7] [8] [9] , based on resummation of an infinite subset of tadpole diagrams, termed "cactus" diagrams. In Ref. [9] we show how this procedure can be applied to any action of the type we are considering here, and it provides a simple, gauge invariant way of dressing, to all orders, perturbative results at any given order (such as the one-and two-loop results of the present calculation). Some alternative ways of improving perturbation theory have been proposed in Refs. [17, 18] . In a nutshell, our procedure involves replacing the original values of the Symanzik and clover coefficients by improved values, which are explicitly computed in [9] . Applying at first this method to one-loop diagrams, the improved ("dressed") value dm dr of the critical mass (N = 3, c 2 = 0) can be written as: dr on g is quite complicated now, and cannot be given in closed form; instead ε (i) dr must be computed numerically for particular choices of g. Table XIII are the results for ε (i) dr along with the value of β = 2N/g 2 corresponding to each one of the 16 actions used in this calculation.
Listed in
An attractive feature of this improvement procedure is that it can be applied also to higher loop perturbative results, with due care to avoid double counting of the cactus diagrams which were already included at one loop. Ideally, of course, one loop improvement should already be adequate enough, so as to obviate the need to consider higher loops; indeed, we find this to be the case and, consequently, we limit our discussion of two-loop improvement to only the plaquette action (β = 5.29, N = 3, N f = 2), the Iwasaki action (β = 1.95, N = 3, N f = 2) and the DBW2 action (β = 0.87 and β = 1.04, N = 3, N f = 2). Using these values, the contribution to dm and the unimproved contribution, dm, for the plaquette action is exhibited in Fig. 6 , as a function of c SW . Similarly, dm dr for the Iwasaki and the DBW2 actions is shown in Fig. 7 and Fig. 8 , respectively. Finally, in Table XIV , we present a comparison of dressed and undressed results, for some commonly used values of β, N f , c SW , and we also compare with available non perturbative estimates for κ c [10, [19] [20] [21] [22] . We observe that improved perturbation theory, applied to oneloop results, already leads to a much better agreement with the non perturbative estimates.
V. DISCUSSION
To recapitulate, in this paper we have calculated the critical mass m c , and the associated critical hopping parameter κ c , up to two loops in perturbation theory, using the clover action for fermions and the Symanzik improved gluon action with 4-and 6-link loops. The perturbative value of m c is a necessary ingredient in the higher-loop renormalization of operators, in mass independent schemes: Such renormalizations are typically defined and calculated at vanishing renormalized mass, which amounts to setting the Lagrangian mass equal to m c .
In our calculations, we have chosen for the Symanzik coefficients c i a wide range of values, which are most commonly used in numerical simulations. The dependence of our results on the number of colors N and the number of fermion flavors N f is shown explicitly. The dependence on the clover parameter c SW is in the form of a fourth degree polynomial whose coefficients we compute explicitly; it is expected, of course, that the most relevant values for c SW are those optimized for O(a) improvement, either at tree level (c SW = 1), or at one loop [1] , or non-perturbatively [10] .
Since m c is gauge invariant, we chose to calculate it in the Feynman gauge. The propagator appearing in Feynman diagrams is the inverse of a nondiagonal matrix; while this inverse can be written down explicitly, it is more convenient, and more efficient in terms of CPU time, to perform the inversion numerically. Integrations over loop momenta were performed as momentum sums on lattices of finite size L, where typically L ∼ < 40; extrapolation to L → ∞ introduces a systematic error, which we estimate quite accurately.
Our results for m c are significantly closer to zero in the case of Symanzik improved actions, as compared to the plaquette action. In particular, the DBW2 action stands out among the rest, in that m c vanishes exactly for a value of c SW around 1. Thus, improved actions seem to bring us quite near the point of chiral symmetry restoration. The dependence of m c on the number of flavors is seen to be very mild. This fact would also suggest that, in the case of nondegenerate flavors, m c should depend only weakly on the mass of the virtual fermion.
Finally, we have made some comparisons among perturbative and non-perturbative results for κ c . While these are expected to differ for a power divergent additive renormalization, such as the quantity under study, we nevertheless find a reasonable agreement. This agreement is further enhanced upon using an improved perturbative scheme, which entails resumming, to all orders in the coupling constant, a dominant subclass of tadpole diagrams. The method, originally proposed for the Plaquette action (see Ref. [7] ), was extended in Ref. [9] to encompass all possible gluon actions made of closed Wilson loops, and can be applied at any given order in perturbation theory. As would be desirable, one-loop improvement is seen to be already adequate to give a reasonable agreement among perturbative and non-perturbative values. Indeed, our results for κ dr 1−loop are significally closer to the nonperturbative evaluations, as shown in Table XIV ; in fact, the two-loop dressing procedure introduces no further improvement to the comparison. 
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